The coincidence limit of the second coefficient of the Schwinger-DeWitt expansion is derived for Weyl quantum gravity with the Gauss-Bonnet term in an arbitrary dimension n. For n = 4 the Gauss-Bonnet term is topological and, as it was always anticipated, its contribution cancels. This cancellation provides a very efficient test for the correctness of the calculation. The renormalization group equations in the dimension n = 4 − ǫ manifest up to three new fixed points due to the quantum effects of the Gauss-Bonnet term.
Introduction
The local conformal symmetry plays a special role in the gravity theory and applications. One of the most interesting aspects of this symmetry is its violation at the quantum level. For the quantum theory of matter fields in curved space-time the violation of conformal symmetry is related to the well-known trace anomaly (see, e.g. [1, 2] for the review). The important feature of the conformal anomaly is its universality for the matter (scalar, spinor and vector) fields which contribute with the same sign to the two of three terms of the anomaly. The opposite sign of the contributions takes place for the unphysical higher derivative scalars and fermions [3, 4] . In principle, one can choose the number of these higher derivative fields in such a way that they cancel the contributions of the matter fields. In this case the conformal symmetry holds at the one loop level. The cancellation of anomaly can not be achieved in the known versions of conformal supergravity [5] , and therefore the relation between the cancellation of conformal anomaly and what is supposed to be the fundamental theory (e.g. supergravity which may be a low-energy limit of the (super)string/M -theory) remains unclear.
There is another set of interesting unsolved problems, concerning the violation of the conformal symmetry in quantum gravity. One of the simplest theories of gravity which possesses local conformal symmetry is based on the Weyl action d 4 x √ −gC 2 , where
is the square of the Weyl tensor in n = 4 dimensions. In order to provide renormalizability, one has to supplement the action by the topological and surface terms, and we arrive at the action
where
is the integrand of the Gauss-Bonnet topological term. The action (2) is conformal invariant, for it satisfies the conformal Noether identity
By dimensional reasons one can introduce one more term √ −gR 2 into the action (2) , but this expression possesses only global but not local conformal symmetry and hence it is not appropriate here. Indeed we know that this term may be generated as a quantum anomaly-induced correction, e.g. due to the renormalization of the √ −g R term in the action (2) . According to the standard expectations, despite the anomaly results from the one-loop renormalization, the oneloop divergences must be conformal invariant. This property holds in all known examples of the conformal matter fields, and one can expect that the same should be true for the Weyl quantum gravity based on the action (2) . The most natural result would be to meet the renormalization of the coefficients η, λ, τ but not the √ −g R 2 -type counterterm.
The first explicit derivation of the one-loop divergences in Weyl quantum gravity has been performed by Fradkin and Tseytlin [6] in the standard framework of the background field method. Contrary to the expectations, the √ −gR 2 -type divergence has been encountered. The conformal invariance of the counterterms has been achieved through the use of the special procedure of conformal regularization. This regularization is based on the special parametrization of the metric invented earlier in [7] (see also [8] ). According to this procedure the background metric g µν has to be replaced by the conformal metricg µν = g µν P 2 [g µν ], where the scalar metric-dependent quantity P [g µν ] is defined as a solution of the equation
When performing the local conformal transformation of the original metric
such that the metricg µν remains invariant. Another important property of the metricg µν is that the corresponding scalar curvature is zeroR = R(g µν ) = 0. Therefore, after the original metric g µν is replaced byg µν , the divergent √ −gR 2 counterterm disappears and the expected invariant form of the divergences gets restored. It is easy to see that this procedure eliminates also the anomaly in the finite part of the effective action (this can not be taken as a surprise, because it was designed for this purpose [7] in those early days when many people did not trust on conformal anomaly). Therefore, this choice of the background metric does not fit with the numerous applications of the conformal anomaly which we know. Moreover, despite the choice ofg µν as a background metric is mathematically consistent, it is not very appealing because, in particular, it eliminates the Einstein-Hilbert action. As a result, the theory based on this metric may not have a consistent non-relativistic limit (of course, this depends on whether one implements this reparametrization in the action or in the effective equations of motion). Moreover, this procedure is anyway looking as an artificial addition to the background field method calculation. If we really want to learn the role of conformal symmetry in quantum gravity, it is very important to know whether the appearance of the √ −gR 2 counterterm is a result of the calculational error or it is caused by the inconsistency of the background field method applied to the Weyl quantum gravity. The last option has been partially explored in [9] , where the possible conflict between the diffeomorphism and conformal gauge fixing conditions has been discussed. It turned out that the counterterm √ −gR 2 is gauge fixing independent, exactly as the renormalization of the terms √ −gC 2 and √ −gE. On the opposite, the counterterm √ −g R is not protected from the gauge fixing dependence. The second explicit derivation of the one-loop divergences in the Weyl gravity by Antoniadis, Mazur and Mottola [10] has confirmed the correctness of the β-functions for the coefficients λ and η calculated in [6] , but did not meet at all the suspicious √ −gR 2 counterterm. Indeed, this result coincides with our general expectations. However, since it contradicts the previous one, we shall perform, in this paper, the third calculation with the purpose to check the previous ones [6] and [10] . As far as one of our objectives it a verification of the earlier works, it is a good idea to provide a security with respect to the possible calculational errors. Therefore, we shall use the scheme of calculations which guarantees a strong automatic verification of the result. Simultaneously, we shall resolve another old-standing problem of quantum gravity. In the well-known paper [11] Capper and Kimber noticed that the Gauss-Bonnet term may, in principle, play a significant role in quantum gravity. Usually this term is disregarded because it is topological and does not affect the classical equations of motion. However, this conclusion is true only if the Bianchi identity is satisfied. This implies the diffeomorphism invariance of the theory. However, when the theory is quantized through the Faddeev-Popov procedure, the diffeomorphism invariance is broken and the vector space extends beyond the physical degrees of freedom. In other words, after the quantization not only the spin-2, but also the spin-1 and spin-0 components of the quantum metric become relevant, and the topological term may produce new vertices of interaction between these components. As a result, the quantum-gravitational loop effects may be, in principle, affected by the presence of the topological term. Of course, this output does not look probable, because if we include the topological term into the classical action, the gauge-fixing condition should modify and eventually compensate the new vertices. But, this is a sort of believes which are always good to verify and this is exactly what we are going to do in this paper. We shall perform the one-loop calculation in a standard manner but starting from the action (2) and taking the topological term into account. As it was predicted in [11] , the contributions of this term penetrate all vertices or, in other words, all elements of the background field method technique. Eventually, all intermediate results strongly depend on the coefficient η and the cancellation of this parameter in the final expression for the divergences represents a very strong test for the correctness of the calculations.
The paper is organized as follows. In the next section we shall briefly describe the Lagrange quantization of the theory (2) . One can find a detailed description of this subject in [15, 6, 13] . In section 3 the details of the bilinear expansion of the higher-derivative gravity are presented. Since our work is partially devoted to the verification of the previous publications, we consider reasonable to present some amount of these and other intermediate formulas. The expansions are performed for all higher derivative terms including √ −gE and without taking into account the conformal gauge fixing condition. This enables one, in principle, to derive the divergences not only for the conformal case, but also for the general higher derivative quantum gravity where there are also conflicting results [6] and [12] . In the present paper we perform only the calculation for the Weyl theory and expect to report the results of the general case later on. In section 4 we derive the coincidence limit of the a 2 (x, x ′ ) coefficient of the Schwinger-DeWitt expansion. The expression is obtained for the general n-dimensional space-time, in order to see the effect of the Gauss-Bonnet term more explicitly. After that, we derive the divergences of the Weyl gravity at n → 4 and establish their independence on the parameter η. In section 5 the renormalization group in the 4 − ǫ dimensions is considered, and the new UV-unstable fixed points due to the quantum effects of the topological term are described. In the course of the calculations in sections 4,5 we use the computer algebra program MAPLE (see, e.g. [14] ). Finally, in the last section we draw our conclusions and discuss the possible ambiguities in the non-conformal finite contributions to the one-loop effective action.
Quantization and gauge-fixing dependence
The calculation in the background field method (see, e.g. [13] for the introduction) implies the following parametrization of the metric:
where, in the r.h.s., g µν is the background (classical) metric and h µν is the quantum field (integration variable in the path integral). The 1-loop contributionΓ (1) to the effective action of quantum gravity is defined as follows [6] 
whereĤ is the bilinear (in quantum fields) form of the action (2) together with the gauge fixing term
and theĤ gh is the bilinear form of the action of the Faddeev-Popov ghosts. The expression (7) includes also the contribution of the weight function Y αβ . In the case of the higher derivative gravity theory this term gives relevant contribution to the effective action, because Y αβ is a second order differential operator. Introducing the gauge fixing term (8), one is fixing the diffeomorphism invariance. However in the theory under consideration this is not sufficient, because there is another classical symmetrylocal conformal invariance. It is well known that this symmetry leads to the degeneracy even after the term (8) is introduced. Hence one has to choose the second gauge fixing condition. Following Fradkin and Tseytlin [6] we fix the conformal symmetry by imposing the constraint h = h µ µ = 0. The interference between the two gauge fixing conditions may take place because the term (8) breaks conformal symmetry in the background fields sector [9] . However, this effect can not lead to the non-conformal counterterms, because the last can be shown insensitive to the choice of the gauge fixing condition. The general gauge fixing condition (of course, we restrict our attention by the linear background gauges) has the form
where α, β, γ, δ, p 1 , p 2 are arbitrary parameters. The parameter β is irrelevant in the conformal case due to the conformal symmetry fixing condition h µ µ = 0, while the choice of other parameters may influence, in principle, the one-loop divergences. The general analysis [9] shows that the C 2 , E and R 2 counterterms can not depend on these parameters while the R -type counterterm
can. In what follows we shall use these data extensively, namely we will not pay attention to the irrelevant √ −g R counterterm and, on the other hand, we shall choose the gauge fixing parameters α, γ, δ, p 1 , p 2 such that the calculation of other counterterms becomes simpler.
Bilinear expansion
In this paper we shall restrict the consideration by the higher derivative terms only and will not include Einstein-Hilbert, cosmological and √ −g R 2 terms into the action. But, for the sake of completeness, we present the full bilinear expansions such that one can easily treat all possible covariant terms. The parametrization of the quantum metric h µν will be chosen according to (6) . Indeed, the relevant divergences in the theory (2) are independent of the choice of parametrization for the quantum metric [9] . When making the expansions of the elements of the gravitational action, we keep in mind that the relevant terms are of the second order in h µν . Hence we shall pay the main attention to this order of the expansion. In what follows we indicate all quantities constructed from the total metric g ′ µν by prime (e.g.
, and reserve simpler notations (e.g. g µν , √ −g, Γ γ µν , R α µβν etc) for the quantities constructed from the background metric g µν .
For the metric g ′ µν and for the √ −g ′ the expansions can be presented as
and
For the coefficients of the affine connection, using (10), we arrive at the expansion
Here the tensors δΓ (n) α µν are given by the expressions
For the curvature tensor one can establish the following general expression:
In the first and second orders in the quantum metric, h µν , we obtain the following expressions for the Riemann tensor:
For the Ricci tensor the similar expansions have the form
For the scalar curvature we meet the following expansions:
With these expansions in hands, we can derive the part of the action quadratic in the quantum fields. For the sake of generality, the derivation of the coincidence limit of the second SchwingerDeWitt coefficient, a 2 (x, x) , will be performed for an arbitrary space-time dimension n. Then the generalized version of the action (2) can be presented as following:
where µ is the dimensional constant and the new parameters x, y and z are related to η and λ as follows:
After some algebra we arrive at the formula
It proves necessary to establish some commutation relations between covariant derivatives. For instance, one can use the following results, omitting those terms which may contribute only to the total derivatives in the effective action and also disregarding the symmetries in the pairs of indices (αβ) and (µν):
Using these commutators, we can rewrite the bilinear expansions in a more useful form
Now, starting from the expression (20) , and using (25),(26) and (27), one can easily find the bilinear form of the action (18) . In order to construct the full operatorĤ we need the contribution of the gauge fixing term (8) . The parameters α, β, γ, δ, p 1 , p 2 of the gauge fixing (9) will be chosen in such a way that the operator takes the most simple, minimal form
In other words, the choice of the parameters must provide the cancellation of the possible nonminimal fourth-derivative structures
while two other possible non-minimal fourth derivative terms g µν ∇ α 2∇ β and g αβ ∇ µ 2∇ ν vanish due to the conformal gauge fixing condition h µ µ = 0. The calculations lead to the following simplest choice of the parameters corresponding to the minimal form ofĤ :
Let us remark that this "minimal" choice of the gauge fixing is sensible to the introduction of the Gauss-Bonnet term, as we expected. On the other hand, if we fix the value of η such that the sum of the Weyl term and the topological term gives
the gauge fixing condition (29) coincides with the one of [6, 10] . After some algebraic calculations and using the commutators (24), we find
andK,D ρλ ,N µ ∇ µ , ∇ µẐ µ andŴ are matrices in the h µν -space. Indeed, one can safely disregard the termsN µ ∇ µ and (∇ µẐ µ ), because they may contribute only to the irrelevant gauge-fixing dependent R-type counterterm. Below we shall simply set both terms to zero.
Let us introduce the useful notation
for the projection operator into the traceless sector of the h µν space. Here, as usual,
Since we assume the conformal gauge fixing condition h = 0, the tensorδ µν , αβ plays the role of the identity matrix, while without this condition the identity matrix is δ µν , αβ . Taking the conformal gauge into account, we find
In the above formulas we used special condensed notations which enable one to present the expressions in a relatively compact way. The idea of these condensed notations is that all the algebraic symmetries are implicit, including the symmetrizations in the couples of indices (αβ) ↔ (µν), (α ↔ β) and (µ ↔ ν) , and also in the couple (ρ ↔ λ) in the operatorD ρλ . In order to obtain the complete formula explicitly, one has to restore all the symmetries. For example,
restores the (αβ) ↔ (µν) symmetry. The same procedure has to be applied also for the other symmetries (ρ ↔ λ), (α ↔ β) and (µ ↔ ν).
In order to use the Schwinger-DeWitt method for the fourth derivative operator [6] , we need to reduce it to the minimal form (28). For this end one has to multiply the operator (30) by the inverse matrixK −1 , given by
µν , αβ .
Let us notice that the matrixK −1 is a c-number operator and hence this multiplication does not affect the divergences. By straightforward algebra, one can find the minimal operator
where the new expressionsV
andÛ =K −1Ŵ
( 35) already do not possess the symmetry in (αβ) ↔ (µν).
The expressions for these two matrices are the following:
k 10 =δ αβ , ρλ R µν and
The above form ofV ρλ is helpful in organizing the cumbersome calculations of divergences which will be described in the next section.
Derivation of divergences
The algorithm for the 1-loop divergences corresponding to the minimal fourth order operator can be written as [6] (here we use the Euclidean signature of the metric, in order to be consistent with
HereR µν is the commutator of the covariant derivatives acting in the tensor h αβ space,
One can easily find the contribution of this commutator
After a tedious algebra, we arrive at the following result:
Other relevant traces are the following:
where the parameter ξ is given by
Collecting all the results from (40), (52) and (53) according to (7), we arrive to the functional trace of the overall coincidence limit of the a 2 (x ′ , x)-coefficient
The last expression can be regarded as a functional supertrace of the coincidence limit of the a 2 (x ′ , x)-coefficient of the differential operator acting in the direct product of the tensor h µν , vector (third ghost) and vector ghost spaces. The sign difference between the different terms in (55) is due to the different Grassmann parity of the fields, and the operator Tr includes integration, as usual. Let us present the result in terms of the parameters η and λ :
where the coefficients (β-functions) β 1 (n), β 2 (n) and β 3 (n) are given by the expressions
The coefficients δ
are the following functions:
2 = (n − 2) 5 n 6 + 299 n 5 − 1162 n 4 − 2570 n 3 + 15056 n 2 − 18528 n + 6720
3 = (n − 4) 5 n 5 + 22 n 4 + 179 n 3 − 930 n 2 − 112 n + 816
The above coefficients, despite their chaotic appearance, provide a lot of important information. First of all, they show that for n = 4 the Gauss-Bonnet topological term contributes to the effective action in a non-trivial way, and in particular produces the √ −gR 2 -type term. On the other hand, it is very remarkable that all δ
(1) i and δ
coefficients are proportional to (n − 4). Hence, for n = 4 one can see that the η-dependence completely disappears, and the final result, Eq. (56) becomes very simple. Let us write down the expression for the one-loop divergences
where, as we defined before, W = 1/2(C 2 − E). The equation (59) coincides with the one derived by Antoniadis, Mazur and Mottola in [10] . Both coefficients in (59) also coincide with the ones derived by Fradkin and Tseytlin in [6] . However, we do not meet the most polemical √ −gR 2 -type divergence which was reported in [6] . As far as our calculation is strongly tested by the cancellation of the numerous η-dependent terms that takes place in the n = 4 limit, we strongly believe that it is correct and that the √ −gR 2 -type one-loop divergence is really absent in the Weyl quantum gravity.
Renormalization group equations
The renormalization group (RG) equations for the theory (2) may be considered in two different ways 3 . The first possibility is to take usual n = 4 β-functions, in this case we meet exactly the same RG equations as in [6] . In order to study the renormalization group, we shall introduce a new parameter ρ = −1/η. Let us remark that the choice of λ as a coupling constant in the action (2) is fixed, because (i) λ is a parameter of the loop expansion in this theory; (ii) One can not change the sign of λ without changing the positivity of the graviton energy. At the same time there are no similar constraints for the coefficient of the Gauss-Bonnet term and therefore the choice can be made according to convenience. For our choice of parameters the usual renormalization group equations for λ and ρ have the form
The above equations indicate the UV asymptotic freedom in both parameters. In other words, there is a single fixed point λ = ρ = 0 and it is stable in the high energy limit t → ∞.
Let us now consider a more complicated version of the renormalization group equations, taking the dimension n = 4 − ǫ for 0 < ǫ < 1. Mathematically this means that we do not take the limit n → 4 in the equations (60). The renormalization group equations which emerge as a result of equations (63) makes the existence of this fixed point unclear and moreover rises hopes to meet other fixed points.
In order to investigate this issue, we consider the particular values of the parameter, ǫ = 0.1 , ǫ = 0.01, ǫ = −0.1 and ǫ = −1. In these cases the numerical values of the coefficients are presented in the Table 1 .
0. Table 1 . Numerical values of the coefficients for the particular values of ǫ.
The numerical analysis shows that for each of the choices ǫ = 0.1 and ǫ = 0.01 there are four fixed points which are new compared to the ǫ = 0 case; and for the choices ǫ = −0.1 , −1, there are two new fixed points. The values of the parameters corresponding to these fixed points are shown at the Table 2 . Numerical values of the parameters corresponding to the new fixed points.
The stability properties of the fixed points from the Table 2 can be easily investigated in the linear approximation. The result is that, in both cases ǫ = 0.1 and ǫ = 0.01, the fixed points (λ 1 , ρ 1 ) and (λ 2 , ρ 2 ) are saddle points while the fixed points (λ 3 , ρ 3 ) and (λ 4 , ρ 4 ) are absolutely unstable in the UV limit t → ∞. It is worth noticing that the ǫ = 0 renormalization group equations (60) have a single fixed point λ = ρ = 0 which is UV stable, indicating the asymptotic freedom of the theory. Notice also that the cases ǫ = −0.1 and ǫ = −1 admit separately only two extra fixed points, one of them UV-instable and the other a saddle point. It is obvious that no one of the fixed points which we have found so far coincides with the standard one λ = ρ = 0 of the n = 4 renormalization group. The natural question is whether it is true that the effect of the Gauss-Bonnet term is to kill the asymptotic freedom in n = 4 − ǫ dimensions? The answer to this question is definitely not. The source of our failure to see the standard fixed point is that we have used only the algebraic equations β λ = β ρ = 0 and due to the non-polinomial form of the β λ -function one can not see the fixed point with ρ = 0 in this way. So, in order to complete our study we have to consider, especially, the possibility of simultaneous λ → 0 and ρ → 0 . Using elementary transformations, one can check that the regimes λ ≪ ρ and ρ ≪ λ lead to contradictions. Therefore, we consider the fixed point solution under the condition ρ = kλ, where k is a constant. Under this assumption, the equations (63) are consistent if
with an additional restriction
dictated by the asymptotic freedom. In each of the cases ǫ = 0.1 and ǫ = 0.01 there are two positive real roots of the equation (65): k = 0.219 , 2.96 for ǫ = 0.1 and k = 3.04 , 0.067 for ǫ = 0.01. It is easy to see that these solutions satisfy also the condition (66). Hence we have found a fifth fixed point ρ = kλ → 0 , which is a direct descendant of the one in the ǫ = 0 case. The condition (66) guarantees the UV stability of this fixed point. In the massless theory such as Weyl quantum gravity there is no decoupling and all fixed points persist until the IR. It is clear that the (λ, ρ) → (0, 0) fixed point is unstable in the IR and that the UV saddle points 1 and 2 from the Table 2 remain saddle points in the IR. Hence, in the IR we meet two distinct fixed points 3 and 4 from the Table 2 . It is remarkable that one of them (point 3) has negative value of the coupling λ, while another one (point 4) has positive value of λ, rising the expectation to meet a continuous renormalization group flow linking UV and IR fixed points. An explicit example of such flow, linking the two fixed points and not passing through λ = 0 is presented at the Figures 1,2 for the case ǫ = 0.1. 
Conclusions and discussions
We have calculated the one-loop effective action for the Weyl gravity with the Gauss-Bonnet term, that provided high level of testing for the results. In the n → 4 limit we did not meet an infinite √ −gR 2 counterterm, which has been a subject of doubts during many years. Finally, the n = 4 coefficient of the one-loop pole is conformal invariant. Despite the one-loop divergences are conformal invariant, this symmetry does not hold at the one-loop level due to anomaly. The divergences of the √ −gC 2 and √ −gE-type produce the anomalous violation of the Noether identity (4), and as a result the finite part of the one-loop effective action includes the usual non-local anomaly-induced terms [3, 21] . Furthermore, there is a finite √ −gR 2 -type contribution which is worth a special discussion. It is easy to see that there are two different sources of this term in the Weyl quantum gravity:
i) If the calculation is performed in a dimensional regularization, the δ terms in (58) are proportional to (n − 4) and therefore they produce the finite √ −gR 2 term directly from A t 2 . It is remarkable that this contribution depends on the coefficient η of the Gauss-Bonnet term.
ii) The infinite √ −g R -type counterterm, which we did not calculate here, may produce contribution to the conformal anomaly and eventually to the finite √ −gR 2 term. However, this contribution is plagued by a double ambiguities. First of all, the √ −g R -type counterterm itself is expected to be gauge-fixing dependent [9] . As it was already explained above, this is the reason why we did not calculate this counterterm. Such calculation makes sense only for the general nonminimal gauge fixing condition, without imposing the relations (29). In this case one has to perform the calculation of divergences for the non-minimal fourth order operator. Despite this calculation is, in principle, possible, it would be very complicated and goes beyond our possibilities. Since there are no real arguments supporting opposite point of view, we assume that the considerations of [9] are correct and that the √ −g R -type counterterm is gauge fixing dependent. The second source of ambiguity is the derivation of anomaly and of the anomaly-induced effective action. In relation to the √ −gR 2 term these procedures may be ambiguous. The detailed discussions of this issue have been given recently in [22] , where the ambiguity has been confirmed not only for the traditional version of the dimensional regularization (where it is completely out of control) but also in a more physical covariant Pauli-Villars regularization with non-minimal scalar massive regulators. It is worth noticing that the status of this last ambiguity in the Weyl quantum gravity is quite different from the one in the semiclassical approach. In the last case the ambiguity is always reduced to the freedom of adding the √ −gR 2 term to the classical action of vacuum, while in the former case this operation would break the conformal symmetry in the dynamical sector and hence must be viewed as completely illegal. Therefore, despite we have clarified the issue of the infinite √ −gR 2 counterterm, there remains a complicated problem of a potentially ambiguous finite √ −gR 2 term.
In any case, we are sure that the local conformal invariance in the Weyl gravity is violated at the one-loop level by quantum corrections. Hence, despite the general higher derivative quantum gravity is indeed renormalizable [15] , the particular conformal version is perhaps multiplicatively non-renormalizable at higher loops.
